Abstract. Żuk proved that if a finitely generated group admits a Cayley graph such that the Laplacian on the links of this Cayley graph has a spectral gap > 1 2 , then the group has property (T), or equivalently, every affine isometric action of the group on a Hilbert space has a fixed point. We prove that the same holds for affine isometric actions of the group on a uniformly curved Banach space (for example an L p -space with 1 < p < ∞ or an interpolation space between a Hilbert space and an arbitrary Banach space) as soon as the Laplacian on the links has a two-sided spectral gap > 1 − ε. This two-sided spectral gap condition is equivalent to the fact that the Markov operator on the links has small norm. The latter is a condition that behaves well with respect to interpolation techniques, which is a key point in our arguments.
Introduction and main results
Fixed point properties for group actions on metric spaces, e.g. Banach spaces or non-positively curved spaces, are natural rigidity properties that contribute to the understanding of both groups and the spaces on which they act. When considering actions on Banach spaces, the natural actions to consider are affine isometric actions. Given a Banach space X, a topological group is said to have property (F X ) if every continuous affine isometric action of the group has a fixed point. In this article, we deal with fixed point properties for countable discrete groups. In this setting, every affine isometric action is automatically continuous.
Property (F X ) was introduced by Bader, Furman, Gelander and Monod [1] as a Banach space version of Serre's property (FH). A topological group has property (FH) if every continuous affine isometric action of the group on a Hilbert space has a fixed point. It is well known that a countable group has property (FH) if and only if it has property (T), which is a rigidity property for groups that was introduced by Kazhdan [18] . A group has property (T) if its trivial representation is isolated in the unitary dual of the group equipped with the Fell topology. Both property (T) and property (FH) have lead to striking results in several areas of mathematics, e.g. group theory, combinatorics, ergodic theory, dynamical systems, measure theory and operator algebras. We refer to [5] for a detailed account of property (T) and property (FH) .
Partly because of the aforementioned connections with different areas of mathematics, recent years have shown a growing interest in Banach space versions of both fixed point properties and property (T). Alongside property (F X ), as recalled TdL is supported by the Deutsche Forschungsgemeinschaft (SFB 878). MdlS is supported by ANR grants GAMME and AGIRA. 1 above, Bader, Furman, Gelander and Monod also defined a Banach space version of property (T), which is called property (T X ) and is in general weaker than property (F X ) (see [1, Theorem 1.3] ). Another notable Banach space strengthening of property (T) is strong property (T), which Lafforgue introduced in relation to his work on the Baum-Connes Conjecture [22, 23] . He proved that if a group has strong property (T) relative to a Banach space X ⊕ C, then the group has property (F X ).
So far, all results that provide examples of groups with property (F X ) focus either on a rather specific class of groups or on a rather specific class of Banach spaces. The most straightforward non-Hilbertian Banach spaces to consider are L p -spaces, with p = 2. For 1 ≤ p < ∞, a countable group is said to have property (FL p ) if every affine isometric action of the group on an L p -space has a fixed point. It is known that property (T) implies property (FL p ) for p ∈ [1, 2 + ε), where ε may depend on the group (see [1, Theorem 1.3] (and also [11] ) for the case p ∈ (1, 2 + ε) and [2, Corollary D] for p = 1). In several cases, there are explicit lower bounds on ε (see [7, 34, 12] ). On the other hand, there are groups with property (T) that are known to fail property (FL p ) for large p [35, 8, 40, 10] , e.g. cocompact lattices in Sp(n, 1). However, lattices in connected simple higher-rank Lie groups and lattices in connected simple higher-rank algebraic groups over non-Archimedean local fields have property (FL p ) for all p ∈ [1, ∞) (see [1, Theorem B] and [2, Corollary D] ). Similar results have been established for universal lattices [28] .
Bader, Furman, Gelander and Monod conjectured that (lattices in) connected simple higher-rank Lie groups and (lattices in) connected simple higher-rank algebraic groups over non-Archimedean local fields have property (F X ) for every superreflexive Banach space X [1, Conjecture 1.6] . This conjecture has been proven in the non-Archimedean setting [22, 24] , and in the real and complex case, partial results have been obtained [21, 20] . Other results that show fixed point properties for groups by means of establishing an appropriate strengthening of property (T) were obtained by Oppenheim [34] . His examples include certain groups acting on buildings and Kac-Moody-Steinberg groups.
Another effective way of establishing fixed point properties or property (T) for a group is by means of spectral conditions on the links of vertices of certain simplicial complexes on which the group acts. The idea of this method goes back to [15] and was further developed in [36, 41, 42, 3] in order to provide criteria to establish property (T). Nowadays, the most well-known spectral criterion for property (T) may be the one due to Żuk [42] , asserting that if Γ is a finitely generated group with finite symmetric generating set S such that the smallest non-zero eigenvalue of the Laplacian of the link graph L(S) associated with S is strictly larger than 1 2 , then Γ has property (T).
In recent years, these spectral criteria have been generalized to fixed point properties for group actions on Banach spaces, by Bourdon [7] to actions on L p -spaces, and by Nowak [31] and by Oppenheim [33] to actions on reflexive spaces. Oppenheim also explains that the assumption of reflexivity is not needed in his approach, and his proof is more elementary. A key ingredient in the works of Bourdon and Nowak is a certain Poincaré inequality. In Nowak's article, such an inequality is in fact a condition; in Bourdon's result, the Poincaré inequality follows from estimates on the p-Laplacian, which is similar to Żuk's approach.
In this article, we establish a criterion for groups that ensures that every affine isometric action of the group on a given uniformly curved Banach space has a fixed point. Uniform curvedness is a property for Banach spaces defined by Pisier (see Section 2.4), which is stable under passing to subspaces and equivalent renormings. Examples of uniformly curved spaces are L p -spaces and interpolation spaces between a Hilbert space and an arbitrary Banach space, i.e. strictly θ-Hilbertian spaces. We only consider complex Banach spaces, but is is straightforward to formulate our results in the setting of real Banach spaces.
In what follows, if L is a finite graph, we denote by A L the Markov operator of the random walk on L (see Section 3 for the definition). Our spectral criterion is as follows.
Theorem A. Let X be a uniformly curved Banach space. Then there exists an ε > 0 (depending on X) such that the following holds: if Γ is a group that admits a properly discontinuous cocompact action by simplicial automorphisms on a locally finite simplicial 2-complex M such that for all its links L, we have
If p ≥ 2 and X is an L p -space (or, more generally, a subquotient of a strictly 2 p -Hilbertian space), then the proof of the theorem gives the value ε = 2p
If X is at Banach-Mazur distance C from such a space, then the proof gives the value ε = (2p
. Theorem A provides a widely applicable criterion for fixed point properties for finitely presented groups, since such groups naturally act on the Cayley complex associated with the presentation.
The criterion of Theorem A is a direct analogue of Żuk's spectral criterion mentioned above, since the condition A L B(L 2 0 (L,ν)) < ε means that the spectrum of A L , apart from a simple eigenvalue 1, is contained in (−ε, ε), or equivalently, that the spectrum of the Laplacian on L, apart from a simple eigenvalue 0, is contained in (1 − ε, 1 + ε). This condition can be viewed as a two-sided spectral gap of the Laplacian.
Theorem A follows from a more general criterion for fixed point properties that we prove (see Theorem C), which is formulated in terms of the norm of the Markov operator acting on vector-valued L p -spaces. In the proof of this result, working with Markov operators rather than Laplacians makes a real difference, since one can use interpolation techniques.
The use of spectral criteria is particularly beneficial when considering random groups. The framework of random groups provides ways to consider finitely presented groups in which the relators are chosen at random according to some prescribed probability measure on the set of all possible words in the generating set. It is used to study structural properties of "typical" groups. The theory of random groups goes back to [16] , in which Gromov introduced what is now called the Gromov density model G(n, l, d) (see also [17] ), in which the density d is a parameter that controls the number of relators. It was proven by Gromov that for d < 1 2 , a random group in G(n, l, d) is infinite and hyperbolic with overwhelming probability (w.o.p.), whereas for d ≥ 1 2 , a group in G(n, l, d) is trivial or Z 2 w.o.p. [16] (see also [32] ). The study of property (T) for random groups was initiated by Żuk [42] . By using his aforementioned criterion, he proved that for d > , a group in the Gromov density model G(n, l, d) has property (T) w.o.p. was proven in detail in [19] .
Our criterion (Theorem A) leads to the following result on fixed point properties for random groups. Theorem B partially generalizes the results on property (T) for random groups to the setting of actions of random groups on non-Hilbertian Banach spaces, but they are not the first results in this direction. As mentioned above, Bourdon [7] , Nowak [31] and Oppenheim [33] , which we do not consider in this article. We expect, however, that our result holds in the Gromov density model as well.
As indicated earlier, our main criterion (Theorem A) follows from the following more general theorem.
Theorem C. Let 1 < p < ∞, and let X be a superreflexive Banach space. Then there exists an ε ′ = ε ′ (p, X) > 0 such that the following holds: if Γ is a group that admits a properly discontinuous cocompact action by simplicial automorphisms on a locally finite simplicial 2-complex M such that for all its links L, we have
The essential part of the proof of Theorem C is to derive a p-Poincaré inequality with small constant from the fact that the Markov operator has small norm. From that point, the result follows from the proof of the aforementioned result of Bourdon or from the result of Oppenheim. For completeness, we also present an elementary proof of the fact that Poincaré inequalities give rise to fixed points (see Theorem 4.1). The line of proof is similar to Oppenheim's proof, and we claim no originality at this point. However, we insist on the importance of the Poincaré inequality in our approach.
The article is organized as follows. Section 2 covers some preliminaries on the geometry of Banach spaces. In Section 3, we explain how small Markov operators give rise to Poincaré inequalities. This section also includes some new results on the eigenvalues of p-Laplacians with applications to random graphs, and on the pdependence of p-Poincaré inequalities. These results may be of independent interest. In Section 4, we explain how Poincaré inequalities give rise to fixed points. Theorem C and Theorem A are proven in Section 5. Fixed point properties for random groups are investigated in Section 6.
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Preliminaries on Banach spaces
We briefly recall certain notions from Banach space theory. A Banach space X is uniformly convex if
The function δ X is called the modulus of convexity of X. Every uniformly convex Banach space is superreflexive, and every superreflexive Banach space admits an equivalent uniformly convex norm [13] .
. By a famous theorem of Pisier [37] , every uniformly convex Banach space has an equivalent norm with respect to which it is p-uniformly convex for some p ∈ [2, ∞).
It follows from [27, Lemma 6.5] that if X is a p-uniformly convex space, then there exists a constant C > 0 such that for every X-valued random variable U ,
It is well known that if X is an L p -space with p ≥ 2 or, more generally, a strictly θ-Hilbertian space with θ = 
Complex interpolation.
We refer to [6] and [39] for details on complex interpolation for compatible couples of (complex) Banach spaces. We just recall that a compatible couple (X 0 , X 1 ) of Banach spaces is a pair of Banach spaces together with continuous linear embeddings from X 0 and X 1 into the same topological vector space X , which can always be assumed to be a Banach space. Complex interpolation is a way to assign to such a couple (X 0 , X 1 ) a family (X θ ) θ∈ [0, 1] of Banach spaces (subspaces of X ) that interpolate between X 0 and X 1 . For example, if (Ω, µ) is a measure space and (
(Ω, µ)) (seen as subspaces of the topological vector space of all measurable maps from Ω to C), then X θ is the space L p θ (Ω, µ), where 
θ-Hilbertian spaces.
A strictly θ-Hilbertian space is a Banach space that can be written as an interpolation space (X 0 , X 1 ) θ , where X 1 a Hilbert space and θ ∈ (0, 1] (see [38] 
p . In the setting of strictly θ-Hilbertian spaces, we can derive (1) with an explicit constant C. Proof. If Y is a subquotient of X, then the best constant in (1) is smaller for Y than for X. Therefore, it is sufficient to consider the case when X is strictly θ-Hilbertian. Consider a complex interpolation space X = (X 0 , X 1 ) θ between a Hilbert space X 1 and an arbitrary Banach space X 0 , continuously embedded into the same Banach space X . Fix a probability space (Ω, µ), and consider the holomorphic family
More generally, one can consider the class of θ-Hilbertian spaces, as introduced by Pisier in [39] , which is a natural class of Banach spaces that includes the strictly θ-Hilbertian spaces, but also certain interpolation spaces between compatible families (rather than couples) of Banach spaces. Every result that we mention for strictly θ-Hilbertian spaces can be extended to the class of θ-Hilbertian spaces by considering complex interpolation for families of Banach spaces.
Uniform curvedness.
The notion of uniformly curved Banach space was introduced by Pisier in [39] . Let X be a Banach space, and let T :
(Ω 2 , µ 2 ; X), then we denote by T X its norm. Otherwise, we set T X = ∞. For a Banach space X, we set ∆ X (ε) = sup T X , where the supremum is taken over all measure spaces (Ω 1 , µ 1 ) and (Ω 2 , µ 2 ) and operators T :
Pisier proved that uniformly curved spaces are superreflexive [39] , and hence, by the results recalled in Section 2.1, every uniformly curved space has an equivalent p-uniformly convex norm for some p ∈ [2, ∞). Pisier also showed that the Banach spaces X for which ∆ X (ε) = O(ε α ) for some α > 0 are exactly the spaces that are isomorphic to a subquotient of a θ-Hilbertian space for some θ > 0.
3. Graphs, eigenvalues and Poincaré inequalities 3.1. p-Poincaré inequalities. In this article, graphs are not oriented. Unless explicitly stated otherwise, all graphs in this article are assumed to be finite, connected, and without loops or multiple edges. If G is a graph, we will write G = (V, E), where V is the vertex set of G and
Equip E with the uniform probability measure P and V with the probability
. Note that ν is the stationary probability measure for the random walk on G.
The gradient ∇f :
Definition 3.1. Let G be a graph, and let 1 < p < ∞. For a Banach space X, we denote by π p,G (X) the smallest real number π such that for all f : V → X, the inequality inf
holds. We call π p,G (X) the X-valued p-Poincaré constant of G.
Let (Z 0 , Z 1 , . . . ) be the random walk on G with Z 0 (and hence Z n for all n ≥ 0) distributed as ν. In this setting, the X-valued p-Poincaré constant of G is the smallest real number π such that the following inequality holds: In particular, we could consider infinite graphs with loops and multiple edges or weighted graphs. In the case when the measure ν is infinite (the terminology is that the Markov chain is not positive recurrent), the definition of p-Poincaré constant becomes simpler: it is the smallest π such that for every f ∈ L p (V, ν; X),
All results in this section hold in this generality, except for the interpretation in terms of the eigenvalues of (p-)Laplacians, where one needs reversibility of the Markov chain. The only adaptation in the proof of Theorem 3.4 when ν is infinite is that in that case,
Our p-Poincaré constant differs (by a factor or power) from the p-Poincaré constants in [7] and [31] , neither does it exactly coincide with the conventions of [27] .
Let G = (V, E) be a graph with |V | = n. We denote by A G , or simply A, the Markov operator of the random walk on G, which acts on the functions on V by the formula
Since the Markov chain is reversible, A is a self-adjoint operator on L 2 (V, ν), and we denote its eigenvalues by µ 1 (A) ≥ . . . ≥ µ n (A). The largest eigenvalue is 1.
The (normalized) Laplacian on G is the operator ∆ 2 = Id − A, which maps a function f to
The following result summarizes some elementary properties of the p-Poincaré constant. 
Proposition 3.3. For every graph
For 1 < p < ∞, the constant π p,G (C) is related to the eigenvalues of the pLaplacian (see Section 3.3).
From small Markov operators to Poincaré inequalities.
The validity of a p-Poincaré inequality is a very robust property (see [29, 30] ). Indeed, it is obvious that if a Banach space X is at Banach-Mazur distance C from another Banach space Y , then π p,G (X) ≤ Cπ p,G (Y ). Also, by an argument of Matoušek [25] (see also [4, Lemma 5.5] ), a p-Poincaré inequality implies the validity of a qPoincaré inequality for all q < ∞, with a multiplicative loss (≥ 4) on the Poincaré constant. In Proposition 3.12, we establish a Banach space valued generalization of this result. We refer to [30, 29, 9] for related results.
For applications to fixed point properties, the crucial point is to prove that π p,G (X) < 1. The aforementioned results are therefore not useful, because the property π p,G (X) < 1 is not robust. The next result, which is one of the main points in this article, expresses that the property π p,G (X) < 1 is a consequence of another property, which is very robust.
In what follows, L
Theorem 3.4. Let X be a p-uniformly convex Banach space. Then there exist ε, δ > 0 (depending on X) such that for every graph G = (V, E) the following holds:
In the random walk notation, we have to prove that
The proof is divided in several steps. The first one is standard.
The triangle inequality implies, without any condition on X, that f − Af p ≤ ∇f p , and hence f p ≤ 1 1−ε ∇f p . This is, however, not strong enough. The next lemma improves this inequality.
Recall that since X is p-uniformly convex, there exists a constant C such that (1) holds for every X-valued random variable U .
. So applying (1) conditionally to Z 0 and then averaging with respect to Z 0 proves the lemma.
Proof of Theorem 3.4. By the triangle inequality and the fact that
Z 1 is distributed as Z 0 , (E[ f (Z 1 ) − Af (Z 0 ) p ]) 1 p ≥ f p − Af p ≥ (1 − ε) f p .
Taking into account the two lemmas we obtain
from which we deduce
If ε > 0 is small enough, so that (1 + C) 
In our opinion, it would be more natural to define the p-Laplacian In the case of X = C, we can reformulate Theorem 3.4 in order to obtain spectral information on the p-Laplacian. 
Proof. The assumption that the spectrum of ∆ 2 is contained in 
This implies that the L p -Poincaré inequality holds with constant (1 + 2 2−p )
. The proposition follows from the relationship between the Poincaré constant and λ 1,p (G) alluded above.
3.4. Application to random graphs. We now apply Theorem 3.8 in the setting of random regular graphs. To this end, we first recall the configuration model of random graphs. A graph in the configuration model is a regular graph with degree 2v. As above, µ 1 (A) ≥ . . . ≥ µ n (A) denote the eigenvalues of the Markov operator A on a graph.
The spectral properties of graphs in the model L(n, v) have been studied extensively. We use the following estimate on the second up to the n th eigenvalue of A, which is a result due to Friedman [14] . 
. . , n with high probability (w.h.p.), that is
Equivalently, a random graph G in L(n, v) satisfies w.h.p.
A small computation shows that
. By Theorem 3.8 and Friedman's theorem, we recover the following result from [12] .
Matoušek's extrapolation result. In this section, we provide a Banach space valued version of Matoušek's extrapolation result [25] (see also [4, Lemma 5.5] ). Our generalization shows that the validity of an X-valued p-Poincaré inequality does not really depend on p in the following sense (see [30, 29, 9] for related results).
Proposition 3.12.
For every 1 ≤ p, q < ∞, there is a constant C such that for every Banach space X and every G,
Proof. The proof is an adaptation of the original extrapolation argument by Matoušek [25] . Suppose that a graph G (or more generally a Markov chain on a finite state space) has X-valued q-Poincaré constant equal to π q .
For x ∈ X and α > 0, we set {x} 
for every measure space (Ω, µ), every Banach space X and every two functions f 1 and f 2 in the unit ball of L p (Ω, µ; X).
Proof. For real valued functions the lemma is classical, see [26] . In particular, there exists a C (depending on p and q) such that for all
By the triangle inequality, we have f 1 − f 2 p ≥ S 1 − S 2 p , and
The first term is less than Cδ min( p q ,1) by (3). We can view the second term as the norm of
(Ω, S p 2 µ; X), i.e. less than 2δ. If q ≥ p, then by Hölder's inequality this norm is less than the geometric mean of its norm in L ∞ and its norm is L p , i.e. less than 2δ p q . The previous inequality therefore becomes
This proves the lemma, because δ was defined as f 1 − f 2 p .
Proof of Proposition 3.12 (continuation
By homogeneity, we may assume that inf x∈X f − x p = 1 2 , and by replacing f by f − x for a suitable x, we may assume that f p ≤ 1.
Let
By the previous lemma, we have
In particular, there is a constant c (depending on p, q) such that inf x∈X g−x q ≥ c. By definition of π q , we have
By the previous lemma, we obtain
. This concludes the proof of the result.
From Poincaré inequalities to fixed point properties
In the following, we give, as mentioned in the introduction, a direct proof of the fact that Poincaré inequalities give rise to fixed points. The approach is similar to the one of Oppenheim [33] and we claim no originality. We have chosen to leave out some computations. Theorem 4.1. Let 1 < p < ∞, let X be a Banach space, and let M be a connected and locally finite simplicial 2-complex. Suppose that π p,L(m) (X) < 1 for every m ∈ M 0 . If Γ is a group that admits a properly discontinuous cocompact action by simplicial automorphisms on M , then Γ has (F X ).
Proof. Suppose that Γ
M is a group action by simplicial automorphisms that is properly discontinuous and cocompact. Let Ξ 0 denote a set of representatives of the Γ-orbits in M 0 , and for a vertex m ∈ M 0 , let Γ m denote the stabilizer of m. Then Ξ 0 is a finite set (resp. Γ m is a finite group), because the action Γ M is cocompact (resp. properly discontinuous).
For m ∈ Ξ 0 , we denote by a m = |L1(m)| |Γm| the quotient of the number of edges in L(m) and the cardinality of the stabilizer of m. Let E be the affine space of Γ-equivariant maps ψ : M 0 → X, which is naturally identified with m∈Ξ0 X Γm and is, in particular, nonempty. Lemma 4.2. For ϕ, ψ ∈ E and p ∈ [1, ∞), we have
We denote this quantity by E(ϕ, ψ) p , or simply by E(ϕ) p when ϕ = ψ. Moreover, we have the inequality (4) is exactly [7, Lemma 4.1] . For ϕ = ψ, the same computation proves the equality. For (5), we decompose the function
Proof of Lemma 4.2. If ϕ = ψ, then
. By the triangle inequality, we obtain
This is (5), because E(ϕ, ψ) = E(ψ, ϕ).
Proof of Theorem 4.1 (continuation) . We now define a complete distance on E by
Moreover, by the Γ-equivariance of ϕ, the quantity n ≤ cE(ϕ). On the other hand, using the triangle inequality, we obtain that for m ∈ Ξ 0 ,
The conclusion of the preceding discussion is that for every ϕ ∈ E, there is a
If we start from some ϕ 0 ∈ E, by induction we obtain a sequence (ϕ n ) in E with E(ϕ n ) ≤ c n E(ϕ 0 ) and d(ϕ n , ϕ n+1 ) ≤ c n E(ϕ 0 ). The sequence (ϕ n ) is a Cauchy sequence and therefore converges to some ϕ ∞ ∈ E satisfying E(ϕ ∞ ) = 0. For a general complex M , the formula E(ϕ ∞ ) = 0 means that ϕ ∞ is constant on the connected components of L(m) for every m ∈ M 0 . Here the assumption that π p,L(m) (X) < ∞ implies that L(m) is connected, and hence the assumption that M is connected implies that ϕ ∞ is constant and is necessarily equal to a fixed point. This proves the theorem. Proof of Theorem C. Let X be a superreflexive Banach space. As was recalled in Section 2, by a famous result of Pisier [37] , there exists a q ∈ [2, ∞) and an equivalent norm N on X that is q-uniformly convex. Pisier's proof has the feature that every isometry of (X, · ) remains an isometry of (X, N ), but even if this were not the case, we could always assume this by replacing N by the equivalent norm N ′ (x) = g∈O(X, · ) N (gx) (see the proof of (2) =⇒ (3) in [1, Proposition 2.3] ). Denote the Banach space (X, N ) by Y . We now use the following interpolation result, which was already used in a similar context in [39] .
Lemma 5.1. There exists a constant C ∈ R and a θ ∈ (0, 1] such that for every graph G = (V, E), we have 
Proof of Theorem C (continuation).
Since Y is q-uniformly convex, by the case already proved, there exists an ε 1 > 0 such that a group with a properly discontinuous cocompact action by simplicial automorphisms on a simplicial 2- 
, then every such group has (F Y ). In particular it has (F X ) because by construction every action by affine isometries on X is an action by affine isometries on Y .
Finally, we explain how Theorem A follows from Theorem C.
Proof of Theorem A. Let X be a uniformly curved Banach space. As recalled in Section 2.4, the space X is superreflexive. Let ε ′ = ε ′ (2, X) be given by Theorem C for p = 2. We claim that for a finite graph G, we have the inequality
of linear isometries of (X, · X ) and define the norm
By construction, every action by affine isometries on (X, · X ) is an action by isometries on (X, N ). We have to prove that (1) for (X, N ) holds with C = 
By taking the supremum over g ∈ O(X) we obtain
which finishes the proof.
Fixed point properties for random groups
As mentioned in the introduction, the theory of random groups can be used to study properties of "typical" finitely presented groups. In this section, we apply Theorem A to random groups in the triangular model.
Let S = {s 1 , . . . , s n }. Roughly speaking, a random group generated by S is a group given by a representation S|R , where R is a set of relators, i.e. words in S ∪ S −1 , that are chosen randomly with respect to some probability measure on the set of all words in S ∪ S It is known that if d < 1 2 , then in a random group w.o.p. every relator occurs only once (see [32] ).
As mentioned in the introduction, it was proven by Gromov that for d < . We now prove Theorem B. In line with the approach of [19] , we first recall the reduced permutation model for random groups, which is the most suitable model for our approach, since there is a straightforward relation between random groups in the reduced permutation model and random graphs in the configuration model. The same probabilistic notion of overwhelming probability is used for the reduced permutation model.
We can now turn towards the proof of Theorem B, which is very similar to the proof of the fact that random groups in the triangular model have propert (T), as established by Żuk. L(n, v) . The probability that a graph in L(n, v) is of this "special kind" is uniformly bounded from below by a constant independent of n (see [19, Section 3] ). From (2), it follows that for sufficiently large v, w.h.p. such graphs L satisfy A L L 2 0 (V,ν) ≤ ε. By Theorem A, the result follows. 
